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Shear Buckling of Flat Orthotropic Stiffened Panels
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This paper investigates the shear buckling of flat, stiffened panels of specially orthotropic skin material, for which
the stiffeners are assumed to possess both flexural and torsional rigidity. It is shown that the shear buckling behavior
can be captured by four generic, nondimensional panel parameters, two of which relate to the skin orthotropy, the
other ones representing the flexural and torsional stiffness of the stiffeners. Several design curves, showing the
nondimensional shear buckling load as a function of these four panel parameters, are generated using the STAGS
FEM code. The validity of the FEM method is demonstrated through comparison with an analytical procedure based
on the Rayleigh—Ritz and Lagrangian multiplier methods. Furthermore, to assess the accuracy of the design curves a
number of Glare panels containing stiffeners of different shapes and attachment methods typically applied in
aerospace structures are analyzed as well. These particular FEM analyses are more realistic than the ones used to
generate the design curves in the sense that the exact shape of the stiffeners is modeled and the attachment method is
explicitly accounted for. It is shown that the predictions from the design curves are in reasonable agreement with the

detailed FEM results.
Nomenclature
Aj = in-plane stiffnesses of skin plate,
i=j=12,6
a = length of panel

amplitude coefficients in assumed
displacement functions

Amns bmn’ Cins dm

b = stiffener spacing

D;; = bending stiffnesses of skin plate,
i=j=12,6

EI = flexural rigidity of stiffeners

GJ = torsional rigidity of stiffeners

i,j,m,n,p,q,M,N = integer numbers

K, = shear buckling coefficient

L = Lagrangian multipliers

P = number of stiffeners

q = either applied shear flow or integer
number, depending on context

t = thickness of skin plate

w = deflection of skin plate

w, = deflection of stiffeners

X,y = coordinates

8 = 1,if i = j, =0 otherwise

W = stiffener flexural rigidity parameter

W = stiffener torsional rigidity parameter

el = stiffness ratio

O = rotation of stiffeners

v, 0 = skin plate orthotropy parameters
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I. Introduction

TIFFENED panel assemblies subjected to in-plane shear loading

appear frequently in aerospace structures; think, for example, of
aeroplane fuselages and wing girders as two obvious examples. With
the maturing of lighter and stronger materials, in particular, the fiber-
reinforced composites and hybrid materials such as fiber metal
laminates (FMLs), it becomes increasingly attractive to use these
types of material as a replacement of the traditionally applied
aluminum alloys. In the most general sense, infinite combinations of
fiber or metal types, layer orientations, and stacking sequences are
possible for laminated composites and FMLs, imposing an
impractical situation regarding the design process. Therefore, it is
desirable to in some way generalize structural analysis where these
types of material are involved. This paper deals with such
generalized analysis, specifically in relation to the shear buckling
behavior of flat, stiffened panels. Moreover, laminated materials are
in general not isotropic so that the classical calculation methods for
fully metallic panels are no longer applicable.

In conventional shear panel construction it is customary to exploit
the shear postbuckling strength for the obvious reason of weight
savings. This can only be achieved, however, if the skin of the panel
is thin enough, so that initial buckling is characterized by
deformations of the individual skin segments bounded by the
stiffening members (such as the stringers and frames in a fuselage),
which is referred to as local buckling. In this case, these stiffening
structural elements enforce lines of zero out-of-plane displacements
(referred to as nodes) and will carry compressive loads, which
develop at postcritical loads due to the deficiency of the skin
segments to carry compression perpendicular to the buckling waves.

Common design practice for postbuckled shear panels is to treat
the individual skin segments as plates with simply supported edge
conditions. However, if the skin thickness is relatively great, which
will, for example, be the case for future generations of very large
airliners, the stiffeners may become too weak to effectively support
the skin, resulting in an overall buckling mode (where the stiffeners
buckle along with the skin). In this case, the initial buckling load
calculated by considering the individual plate segments with the
assumption of simply supported edges is no longer physically sound,
but rather the panel as a whole needs to be considered with the
stiffeners explicitly included in the analysis.

When local buckling is in effect, the approach of considering a
single skin bay as a simply supported plate is always conservative,
because the stiffeners provide at least some torsional restraint to the
edges, thereby increasing the plate’s buckling resistance. Now, there
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are two reasons for including the stiffener torsional rigidity in the
buckling analysis to obtain a more accurate estimation of the critical
load. The first one is due to the postbuckling strength of a shear panel
very often being calculated with (a derivative of) Kuhn’s diagonal
tension theory [1], which basically consists of a set of empirical
formulas that take the ratio of applied shear stress and initial buckling
load, the so-called postbuckling ratio, as a parameter. If the panel has
a considerable amount of postbuckling strength (meaning that it fails
at a high postbuckling ratio) the accuracy of the calculated failure
load is fairly independent of the accuracy of the initial buckling load
estimation because the error is “ratioed out.” However, if the failure
load is relatively close to the initial buckling load the inaccuracy of
the buckling load estimation weighs through into the calculated
failure load. The second reason to consider the torsional capability of
the stiffeners is that even a small amount of rotational restraint at the
plate edges results in a significant increase of the critical load,
rendering the simply supported assumption too conservative for
efficient design. In other words, a more accurate estimation of the
initial buckling load allows for a higher structural efficiency already
in the preliminary design stage, which is important considering the
ever-increasing performance requirements of aerospace vehicles.
The shear buckling of infinitely long isotropic panels with equally
spaced transverse stiffeners was investigated by Stein and Fralich [2]
using a Rayleigh—Ritz approach, incorporating Lagrangian multi-
pliers to enforce compatibility of the skin and stiffeners. The
deflection of the panel was approximated by a double Fourier series
satisfying simply supported conditions at the long edges, and
solutions were obtained by separately considering five different
buckling modes. In this particular investigation, however, the
stiffeners were assumed to possess flexural stiffness only, though, the
analysis showed good accuracy with test data. The work of Stein and
Fralich was generalized and extended to include the case of clamped
edges by Cook and Rockey [3], who presented various design curves
relating the nondimensional shear buckling load to two independent
nondimensional parameters, being the aspect ratio of the individual
plate elements and a quantity expressing the flexural rigidity of the
stiffeners relative to the bending stiffness of the skin plate.
Comparison with experimental results proved the accuracy of the
theoretical results. The Rayleigh—Ritz analysis of [3] was extended to
include the torsional rigidity of the stiffeners in [4], rendering the
critical buckling load a function of an additional, third,
nondimensional panel parameter that represents the ratio of the
torsional and flexural rigidity of the stiffeners. In a subsequent paper
[5]it was shown that even a small amount of torsional stiffness, such
as provided by frequently used open-sectioned stiffeners, gives a
buckling load significantly greater than that calculated on the
assumption of zero torsional stiffness; this is especially true for high
flexural rigidities where the initial buckling mode is a local one.
The buckling of isotropic stiffened panels subjected to pure shear
loading was investigated by the authors in [6,7] using the STAGS
(structural analysis of general shells) [§] FEM (finite element
method) code. The stiffeners in the employed FEM model were
represented by beam elements, which allows for the application of
independent values for the flexural and torsional rigidities, whereas
the skin was modeled with four-node shell elements. It was shown
that results presented in [3] could be reproduced [6], demonstrating
the validity of the FEM approach. The results including the torsional
rigidity of the stiffeners were accurately fitted by appropriate
functions of nondimensional panel parameters, which could be
conveniently used for design purposes [7]. The main advantage of
the finite element method over the semi-analytical methods (such as
Rayleigh—Ritz or Galerkin procedures) is its generality, which
allows for relatively easy modifications of an existing model if, for
example, other boundary conditions and/or a different number of
stiffeners needs to be considered, and/or curvature of the panel is
desired. When employing the semi-analytical methods, each set of
boundary conditions requires its own distinct assumed displacement
function, for each of which a rather lengthy algebraic process must be
carried out to eventually end up with an eigenvalue problem, which
then has to be solved numerically. To obtain the lowest buckling
load, it is often required to consider different modes separately, each

requiring its own eigenvalue extraction; when using FEM, the critical
buckling mode and corresponding load is obtained immediately from
one single eigenvalue analysis. The main drawback of the finite
element method has traditionally been the expensive computing
effort involved, which increases dramatically when the model gets
larger. This, combined with the generally better convergence rate of
the Rayleigh—Ritz and Galerkin methods, has most often caused the
semi-analytical methods to be favored over the finite element method
in buckling analysis of shell-type structures. However, with the sheer
computing power nowadays available, and with the development of
sophisticated, fast solvers such as the VSS vector solver available in
STAGS, the computational effort involved with FEM no longer
imposes a practical constraint.

One of the earliest studies of the shear buckling of orthotropic
plates appears to have been conducted in the late 1920s by Bergmann
and Reissner [9], who considered infinitely long, transversely
corrugated strips, neglecting the bending stiffness in the longitudinal
direction. Partly based on this particular work, Seydel [10,11]
derived a solution for the critical shear load of an infinitely long,
specially orthotropic plate having simply supported or clamped
edges, and for a finite-width plate with all the edges simply
supported. The term specially orthotropic refers to the fact that there
are no coupling responses such as flexure twist, extension shear, and
membrane bending. A more detailed discussion on the buckling of
general laminated, anisotropic plates can be found in [12,13]. The
buckling of flat, infinitely long anisotropic plates including the case
of pure shear loading has been investigated fairly recently by Nemeth
[14,15] on the basis of an analytical (Rayleigh—Ritz) approach. Using
four nondimensional parameters that essentially capture the plate
anisotropy in a general way, Nemeth has produced numerous generic
buckling charts which can be conveniently used for design purposes.
The nondimensional parameters referred to comprise two
“orthotropic” parameters, which pertain to a specially orthotropic
plate, and two quantities capturing the flexural anisotropy (i.e.,
flexure-twist coupling) of the plate.

The present paper investigates the shear buckling behavior of
infinitely long, transversely stiffened panels having a specially
orthotropic skin. Various results are generated in terms of two
orthotropy parameters pertaining to the skin, and two parameters
pertaining to the flexural and torsional rigidities of the stiffeners,
using a FEM procedure similar to that discussed in [7]. These panel
parameters are obtained from the governing buckling partial
differential equations by making them nondimensional. To check the
validity of the shear buckling loads calculated with FEM, some
results are compared to those obtained from an analytical procedure
based on the Rayleigh—Ritz method. This analytical procedure is
merely an extension of the work by Stein and Fralich [2] to
incorporate orthotropic skin material and torsional rigidity of the
stiffeners.

Because of the favorable fatigue and weight characteristics over
aluminum alloys, the FML Glare, which consists of alternate
aluminum sheets and glass fiber prepreg layers, is an excellent
candidate material for future generations of very large aircraft [16].
This is particularly demonstrated by Airbus’s acceptance of Glare for
application in parts of the fuselage of their new A380 aeroplane. To
assess the accuracy of the generated design curves, a number of
stiffened Glare panels, which fulfil the requirements for special
orthotropy, are analyzed with the finite element method.
Combinations are investigated of riveted and bonded, open
(Z shaped) and closed stiffeners (rectangular section), which are
commonly applied in aerospace structures. These FEM analyses are
fairly realistic in the sense that the attachment method is accounted
for and the exact shape of the stiffeners is modeled.

II. Buckling Analysis
A. Derivation of Nondimensional Design Parameters
The present paper considers a stiffened panel with specially
orthotropic skin material having a depth a and stiffener pitch b, and
subjected to an in-plane uniform edgewise shear flow ¢, as illustrated
in Fig. la. In the analysis, the panel is assumed to be infinitely wide
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Fig. 1 Stiffened panel loaded in shear: a) definition of various design
parameters; b) idealization of infinitely wide panel.

(the length of the panel is defined in the stiffener direction so that the
individual skin bays have a length a and width ) with the centroids
of the stiffeners located at the midsurface of the skin plate, as
depicted in Fig. 1b. All the stiffeners are assumed to possess the same
flexural and torsional rigidity, £/ and GJ, respectively. The bending
stiffnesses of the specially orthotropic skin plate are denoted by D,
D,,, Dy,, and Dgg, whereas, by definition, D = D,s = 0.

The total strain energy of the buckled panel per unit wavelength A
in the y direction is composed of the following parts:

1) the bending energy of the skin plate, given by

1 fa [*
Up = E/{; A (Dllw?x)c + 2D12w,x)cw.yy + D22w,2)))'
+ 4Dgew?,) dx dy (1)

2) the flexural energy of the stiffeners, given by

ur — IEI/‘/  dxdy °

3) the torsional energy of the stiffeners, given by

ur = IGJ//  dedy )

Furthermore, the work done by the applied loading can be written as

a A
Q= —q/ / w W, dxdy @)
o Jo

In Egs. (1-4) the quantity w = w(x, y) represents the out-of-plane
deformation of the panel, and the subscripts denote partial
differentiation with respect to the variable(s) following the comma.
Now, the total potential energy of the entire system becomes

U=U,+Uf+U-Q 5)

which may be written as

a (A
U=/ / Fdxdy 6)
0 Jo

1
F= 3 (D”w?xx + 2D pw W, + Dypw?, + 4Dgsw?,

where

EI GJ
+—wi +—

: v ) +q,w, )

Employing variational analysis using Eqs. (6) and (7), the following
linearized governing equation for buckling is obtained:

EI
Dllw,xxxx + 2([)12 + 2D66)w,xxyy + Dlzw,y)‘yy + 7 W yxxx

GJ
+ 7 XXYy qu =0 (8)

Next, the above equation is nondimensionalized by division through
the quantity #./D,,D,,, and by introducing

x=x/a y=y/b &)

where ¢ is the thickness of the panel, to yield the expression

w=w/t

%8347?”9382;2“”2 35 +“F%T+“Taaja_y
= QKJ% (10)
in which
QZM (12)

\/DIIDZZ

are two parameters reflecting the orthotropy of the skin, and

. (b\ EI 03
Hr=\a) vyD,,Dy

wyp=—9 (14)
" byDi Dy

are two parameters containing information about the relative flexural
and torsional stiffness of the stiffeners with respect to the skin
bending stiffness, and finally

% qgab

t VD11 Dy

is the nondimensional shear buckling load or coefficient.
Consequently, according to Eq. (10), the shear buckling behavior
of the panel is completely described by the orthotropy parameters v
and 0, the flexural stiffness parameter i/, and the torsional stiffness
parameter (4.

When the contribution of the stiffeners is eliminated from the
analysis, Eq. (10) reduces to the governing buckling equation of an
unstiffened, specially orthotropic plate. The orthotropy parameters
defined by Eqgs. (11) and (12) are actually the same as used by
Nemeth [14,15], with the small exception that in his work the
Y parameter is defined reciprocally and contains the buckle
wavelength A instead of the plate length a, since plates of infinite
length are investigated there. The stiffener parameters p} and
may be regarded as the orthotropic counterparts of the quantities
ip = EI/Db and uy = GJ/Db, which were used in [7] for panels
with isotropic skin material. Rather than using the stiffener torsional
stiffness parameter explicitly, it turns out to be more convenient to
introduce a “stiffness ratio” as

Wy _ (a)*GJ
/ ) N 1
P (b) El (1o

5)

so that the shear buckling load of the stiffened panel basically
becomes a function of the four nondimensional parameters , 6, i,
and o', and, of course, the boundary conditions at the long edges.

B. Solutions Employing the Finite Element Method

Knowing that the shear buckling load of a specially orthotropic
stiffened panel is a function of the four nondimensional parameters
defined by Eqgs. (11-13) and (16), it is now possible to calculate
generic design curves relating K|, defined by Eq. (15), to these
particular parameters. A rather convenient way of generating these
curves is by employing the finite element method; in the present
investigation the STAGS code [8] is used to analyze the panels.
STAGS is a general-purpose FEM program with excellent
capabilities for buckling and general nonlinear analysis of shell-
type structures.

Because the nondimensional panel parameters cannot be
incorporated directly into the FEM model, the properties of the
skin plate, stiffeners, and geometry of the panel under consideration
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have to be tailored to match the desired values of ¥, 6, i, and p'. The
easiest way to tailor the orthotropy parameters ¥ and 6 in STAGS is
to explicitly supply the full ABD stiffness matrix of the skin plate. In
our case, we will assume certain values for the D,, flexural stiffness
and the aspect ratio a/b, and denote these by (D,,)° and (a/b)°,
respectively. Then, from the definition of v in Eq. (11), the value of
D, follows from

0
D, = [(a{bb)

Furthermore, assuming that D, = D, their values follow from the
definition of 6 in Eq. (12) as

0
Dy = Dgs =§ VDII(DZZ)O

Now that the matrix D is completely known (note that
D,s = Dy, =0), the elements of the in-plane matrix A can be
calculated from

4
] (D)’

A=

where (¢)? is the assumed value for the panel thickness. Although the
buckling behavior is governed by the bending stiffness matrix D, the
A matrix is also required by STAGS to calculate the base stress state
from which the critical buckling eigenvalue is computed. Note that
the matrix B is identically zero for a specially orthotropic plate.

To calculate the stiffener properties EI and GJ, one more
assumption must be made regarding the stiffener spacing. Defining a
value of (b)° for this particular quantity, the stiffener rigidities
become

EI
EI = Wy [(a/ b)Y (b)° Dy (D) [(a/b)F

which follows from the definitions of u} and p in, respectively,
Eqgs. (13) and (16). At this point, all the design parameters as defined
in Fig. 1a (i.e., a, b, t, Dy, Dy, D5, D¢s, EI, and GJ) have been
given appropriate values that can now be incorporated into the FEM
model.

In the previous discussion, certain values were preselected for D,,,
a/b, b, and t, and the assumption was made that D, = Dy, from
which the rest of the panel quantities were calculated. Because the
shear buckling load is a function of the four nondimensional panel
parameters only, these four preselected values (as well as the
assumption for D, and D¢4) may, in principle, be chosen arbitrarily.
However, to obtain a well-conditioned problem in the FEM buckling
analysis, it is preferable to choose practical values so that the
numerical eigenvalue extraction process yields realistic results.

The skin of the panel is modeled with the 410-type shell elements
available in STAGS. These four-node elements do not include
transverse shear deformations, on which assumption the energy
formulation of Eq. (1) is based. The stiffeners are represented by the
210-type (Timoshenko-like) beam elements with the centroids
located at the midplane of the skin plate, and have a “general” cross
section, which means that the values of £/ and GJ (actually, / and J
only) can be supplied independently. For good performance reasons,
the geometry of the individual shell elements is chosen to be square;
with this in mind, and recalling that the value of the aspect ratio a/b
may be chosen arbitrarily, it follows that the smallest possible FEM
model is obtained when the individual skin bays are square, that is,
when (a/b)° = 1. In the present investigation a panel will be
considered containing ten stiffeners, dividing it into nine complete
skin bays and two half ones at the ends. Although, principally, panels
of infinite width (i.e., with an infinite number of stiffeners) are the
subject of investigation in this paper, a panel with ten stiffeners may
be regarded as the equivalent since it can be shown that a further
increase of the number of stiffeners does not substantially affect the
shear buckling behavior. Another result of this phenomenon is that
the boundary conditions at the short edges of the FEM model have no

GJ]=/p

significant influence as well. In the present analysis, they are taken as
simply supported, whereas the long edges can be either simply
supported or clamped.

A special computer program was written for the automatic
generation of shear buckling results following the procedure
described above. For each combination of the parameters v/, 6, i/,
and p’ an input file is created, which is subsequently passed to
STAGS for a linear bifurcation buckling analysis, after which the
critical buckling load is read from the output file. This critical load is
given in terms of the shear stress resultant or shear flow, so that it has
to be nondimensionalized using Eq. (15) to yield the buckling
coefficient K. This computer program is generic in the sense that the
boundary conditions at all four edges and the number of stiffeners in
the FEM model can both be changed very easily.

C. Analytical Solution for Simply Supported Edges

To verify the shear buckling loads calculated with the FEM
procedure described in the previous section, the problem at hand will
be analyzed in an analytical fashion as well. This is done following a
Rayleigh—Ritz procedure in conjunction with the Lagrangian
multiplier method to account for the contribution of the stiffeners.
The approach is essentially an extension of the work of Stein and
Fralich [2] to include the torsional rigidity of the stiffeners and
orthotropic skin material. Because of the rather lengthy and tedious
nature of the analytical process, only the problem is addressed where
the long edges of the panel are simply supported. Anyway, the trends
found may be expected to be similar for panels with clamped edges.
The analytical procedure will be discussed rather concisely in the
remainder of this section.

In the application of the Rayleigh—Ritz method a suitable function
for the out-of-plane displacement w of the buckled panel must be
assumed and substituted into the strain energy expression given by
Eq. (5). As discussed in [3], it is only necessary to consider the case
where the deflection function has a wavelength of Pb in the
y direction, where P is an integer, implying that the buckling
deflection is periodic over P stiffeners. A suitable double Fourier
series, capable of describing the typically skewed buckling pattern
and satisfying simply supported conditions of the skin plate atx = 0,
a is given by [3]

w(x,y) = Z Z Apn smﬂ sin 27rzy

m=1 n=1

+ Z Z b,,, sin ﬂ co 27my a7

m=1 n=0 Pb

Substitution of this function into Eq. (1) and performing the
necessary integrations (noting that A — Pb) eventually leads to the
following expression for the bending strain energy of the skin plate:

8Pab

DIIDZ U 2 2
Up - Z mn(amn + bmn)(l + SOn) (18)
n=0

In a similar manner, substitution of Eq. (17) into Eq. (4) yields

M N M
= —4nq Z Z Z a,,mbpn pz

m=1 n=0 p=1

(m=£ podd) (19

for the work done by the applied shear flow g.
For the contribution of the P stiffeners to the total energy of the
system, Egs. (2) and (3) are rewritten as

UF—Ei/a(wi)z dx (20)
s >  J, s) xx

P a
U?=%ZA (¢h)? dx @1
i=1
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where ¢! = ¢ (x) represents the rotation of the ith stiffener. The deflection of the ith stiffener, located at y = (i — 1)b, is assumed to be given by
M
: . mmx
wi(x) = ¢!, sin—— 22
L) ; y (22)
while for the rotation of the stiffeners the function
¢i(x) = Z di, cos— (23)

is adopted. Substitution of these assumed functions into Eqgs. (20) and (21) yields

Ut = ”EI 0 )2m 24)
i=1 m=
aGJ Y
Ul ==—-2_2 () (25)

For the stiffener deformations to be compatible with those of the skin plate, the following conditions must be met:

w(x,ib) —wi(x)=0 (i=0,1,....,P—1)

. i . 26
W (x, jb) —gl(x) =0 (j=0,1,....,P—1) (26)
(note the changed summation boundaries and indices) which, upon substitution of Eqgs. (17), (22), and (23), leads to
ZnN=1 Amn Sin%‘{' ZQI:O bmn Coszjgn_cjn =0:gin (m: 1727~--,M) 27
(i=0,1,....,.P—1)
and
2 (ZN | @ cos P — SN b nsin 2”’”) —d,=0=gl, (m=1.2,....,M) 28)

(j=01,....,P—1)

The application of the Rayleigh—Ritz method implies that the total strain energy of the system must by minimized with respect to the a,,,, and
b, coefficients for the assumed displacement function in Eq. (17) to represent a buckling mode of the panel. This minimization must be carried
out under the conditions given by Eqs. (27) and (28), so that the problem is actually an optimization problem with equality constraints, for which
the Lagrangian multiplier method comes into picture. Defining a function f(a,,,, b, ¢k, di) as

S 8Pab
f(amnv bmiw C;na diﬂ) =4 s
7*/Dy1Dy,

and introducing the Lagrangian multipliers /%, and ), the objective function becomes

U, +UF+Ur-9Q) (29)

-l

—1

M
F@s b Chs @ Ly B0) = £ (@ By o d) + YD 1,20 (@ b m)+ZZlmgm(am, s @) (30)

i m=1 j=0 m=

Il
o

The conditions for the minimum of this function are
8F_8F_3F_8F_3F_3F_
aamn B abmn B acﬁ’ﬂ N adﬁﬂ B al:’ll B al{)‘l N

@31

Substitution of Egs. (18), (19), (24), (25), (27), and (28) into Eq. (30) and performing the above differentiations leads to, after some algebraic
manipulations, the following system of simultaneous equations:

2@+ mS YN by s A 2PPm W SN g Asg + 8mPnpy 3N aAig =0 (m £ p odd) o)
2Amnbmn(l + 80}1) + mS Zp:l apn P2 ”1;12 + 2P2m /‘LF ZN 0 bquﬁlzq + 8m nl’LT ZN 0 bqu’“i =0 (m + p Odd)
wherem=1,2,...,Mandn=1,2,...,N for the a,,, coefficients,and m =1,2,...,Mandn=0,1,..., N for the b,,, coefficients, and
P 2\ 2 4 2\ 2
Ay = (%) + 86(mn)? + ( v ) (33)
32Pab
s a4 (34)

B ”3\/D11D22

and
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Table 1 Convergence of analytical and FEM buckling loads

Panel parameters

K, analytical (M, N)?

K, FEM (no. elements)?

W 0 0 ()2 @, 8) (8, 16) (12, 24) (20 x 20) (40 x 40)
0.2 0.0 20.0 15.0 1704 169.8 169.8 166.8 169.0
0.2 1.0 20.0 15.0 276.5 275.1 275.0 2742 2745
0.2 3.0 20.0 15.0 441.1 4387 4385 4402 4388
1.0 0.0 20.0 15.0 822 80.2 79.7 79.3 79.0
1.0 1.0 20.0 15.0 1276 125.1 124.6 124.6 124.0
1.0 3.0 20.0 15.0 2143 2105 209.9 210.7 209.5
5.0 0.0 0.05 3.0 188.5 183.9 183.0 184.8 185.2
5.0 0.0 20.0 15.0 611.8 317.0 307.3 293.1 302.9
5.0 1.0 0.05 3.0 2182 214.7 2142 216.3 2164
5.0 1.0 20.0 15.0 691.0 4558 4533 446.0 4502
5.0 3.0 0.05 3.0 272.8 269.6 269.2 271.0 270.6
5.0 3.0 20.0 15.0 832.4 688.4 685.7 684.5 683.0

“Minimum of results for P =2 and P = 4. "Per skin bay, in both directions; panels with 10 stiffeners.

ALY =0, AP =0 if n—gmodP #0 and
n+ gmodP # 0

A512=1, Aﬁ,%;zl if n—gmodP =0 and n+ gmodP # 0

AV =—1, A =1 if n—gmodP #0 and
n+ gmodP =0

AV =0 A2 =2 ifn—gmodP=0 and n+ gmodP =0

where a modb = 0 means that a/b is an integer; if « modb # 0,a/b
is a noninteger. This system may be written symbolically as

X y+SXoy+X3y=0 (35)
where y is a vector containing the a,,, and b,,, coefficients,

-vaMNsbIOvbllw”stN}T (36)

y ={ay,ap,..
and X, X,, and X are matrices pertaining to the contributions of the
A, coefficients, the load parameter S, and the stiffener rigidities 1t
and u7, respectively. Equation (35) can now be rewritten in the form
of an eigenvalue problem as

1
- (X, + X)) ' Xpy = Ey (37)

where the quantity 1/S represents the eigenvalues of the matrix
—(X, + X;)7'X,, of which the largest one determines the critical (i.
e., lowest) value of S, S,,;,, and thus the buckling load ¢.,. From the
definition of S, the value of the buckling coefficient follows from

3
_ T Smin

K, =
: 32P (38)

In principle this solution is exact, the only limitation being one of
computation, in that only a finite number of terms can be taken in the
Fourier series. For increasing values of M and N the buckling load
converges to the exact solution so that, in practice, a convergence
criterion must be defined determining the truncation values of the
Fourier series.

1. Buckling Results
A. Comparison of FEM and Analytical Results

For both the FEM and analytical approach, the accuracy of the
calculated shear buckling load is strongly dependent on the level of
discretization of the problem. In the analytical case, a progressive

increase of the values of M and N causes the results to converge to the
“exact” solution. For the FEM analysis, this is established by
increasing the number of elements, or, rather, the number of nodes.
Table 1 presents the results obtained from both approaches for a
number of selected combinations of panel parameters, the choice of
which will be elaborated on next, and different (increasing) levels of
discretization, from which the convergence characteristics can be
studied.

Because the shortest buckling wavelengths occur for a local
buckling mode and clamped plate edges at the stiffener locations, the
level of discretization required for a converged solution is highest for
the larger values of the flexural stiffness parameter and stiffness ratio,
Wy and p', respectively. It turns out that for values of (u})'/? = 15
and p’ = 20 the condition of local buckling and clamped edges at the
stiffeners is in effect for all the combinations of ¥ and 6 investigated.
[Note that the quantity (u/)'/? is used rather than ) because it is
more convenient for plotting purposes.] Therefore, as these
particular values constitute the drivers for the convergence
characteristics of the buckling solution, Table 1 presents results for
(1y)'/? = 15 and p’ = 20 for extreme and intermediate values of
and 6. For reference, Table 1 also shows the convergence
characteristics for panels with ¥ = 5 and intermediate values of the
flexural stiffness parameter and stiffness ratio. The analytical
buckling loads were calculated for P =2 and 4 (i.e., two and four
stiffeners), the lowest of the two corresponding results being the
values listed in Table 1. (Note that the FEM results were obtained for
10 stiffeners, thereby simulating infinitely wide panels.) From
Table 1 it can be concluded that the analytical results for (M, N) =
(12,24) are generally equal to those obtained with STAGS using a
mesh of 40 x 40 shell elements for the individual skin bays.
Furthermore, convergence of the analytical solutions is demon-
strated by the small difference in buckling loads calculated with the
(12, 24) and (8, 12) series approximations. The same can be said for
the FEM results with a 40 x 40 and 20 x 20 mesh, from which it can
be concluded that a 20 x 20 mesh is generally a sufficient enough
discretization to obtain an accurate solution. The correlation of the
analytical and FEM results is clearly eminent from Table 1. The
poorest convergence characteristics are generally seen for the more
extreme values of orthotropic parameters ¥ and 6.

It is interesting to see that some of the FEM results converge from
below, whereas the analytical buckling loads all converge from
above. To get an idea whether these convergence phenomena are
characteristic to FEM solutions in general, or particular to the
STAGS code (more specifically, element formulation, eigenvalue
extraction technique, etc.) presently used, the panel configurations in
question were analyzed with MSC NASTRAN as well. From the
results presented in Table 2 it shows that the NASTRAN solutions,
like the analytical ones, converge from above for all six panel
configurations investigated. The associated buckling modes from
both NASTRAN and STAGS are depicted in Fig. 2, and they are seen
to be similar in general. The STAGS buckling modes appear to be a
little “irregular” though, especially for the 20 x 20 meshes. We will
not go out of our way to seek a detailed explanation for the different
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Table 2 Comparison of buckling loads from STAGS and NASTRAN for selected panel configurations

Panel parameters

K, STAGS (no. elements)?

K, NASTRAN (no. elements)?

¥ 0 o ()12 (20 x 20) (40 x 40) (20 x 20) (40 x 40)
0.2 0.0 20.0 15.0 166.8 169.0 178.0 167.5
0.2 1.0 20.0 15.0 2742 2745 276.3 2745
5.0 0.0 0.05 3.0 184.8 185.2 187.2 185.6
5.0 0.0 20.0 15.0 293.1 302.9 336.7 313.6
5.0 1.0 0.05 3.0 216.3 216.4 217.0 313.2
5.0 1.0 20.0 15.0 446.0 450.2 463.4 451.8

“Per skin bay, in both directions; panels with 10 stiffeners.

convergence characteristics of some of the STAGS buckling loads,
but leave this subject with the remark that things such as the
formulation of the elements and the eigenvalue extraction technique
play a role herein.

From the buckling mode plots it can also be deduced that the
parameter ¥ could be considered an “effective” aspect ratio of the
individual, local bay plates, where large values represent a long plate
and low values represent a wide plate. This also explains why the
results converge at a slower rate for high and low values of ; the
buckling pattern consists of multiple half-waves (of which the
direction depends on whether ¥ is greater or less than zero, but with
increasing numbers for either increasing or decreasing values of ¥)
and hence a higher level of descretization is required to accurately
represent the buckling mode.

B. Design Curves

A number of design charts relating the shear buckling coefficient
K to a range of nondimensional panel parameters are presented in

(7}

@,
v =026 =00 p" =20, ()" =15

a) STAGS, 20x20 elements b) NASTRAN, 20x20 elements
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Fig. 2 Comparison of buckling modes obtained with STAGS and
NASTRAN for selected panel configurations listed in Table 2.

Fig. 3. These results were calculated using the FEM approach
discussed in Sec. II.B with a 20 x 20 mesh for the individual skin
bays and ten stiffeners simulating an “infinitely” wide panel.
Solutions are given for panels with the long edges either simply
supported or clamped. Because only a limited range of parameters
can be plotted effectively, practical values were selected for the skin
plate orthotropy parameters v and 6.

Characteristic for all curves in Fig. 3 is that the shear buckling load
increases with increasing flexural stiffness parameter p) for all
values of the stiffness ratio p’. For all cases where the stiffeners have
no torsional rigidity (i.e., o' =0), K increases up to a certain
“critical” value, beyond which the buckling load is more or less
constant and thus independent of p%. The physical explanation of
this phenomenon is that the flexural stiffness of the stiffeners
contribute to the overall bending stiffness of the plate (think of a
“smearing” effect), until they are rigid enough to enforce local
“plate” buckling of the individual skin bays. The edges of these skin
bays are almost simply supported at the stiffener locations in this
case; there is a small rotational stiffness at a nodal line provided by
the adjacent bay resulting from “incompatibility” of the shear
buckling deformations. Once this condition is reached, and, thus, the
stiffeners are already enforcing nodes in the buckling pattern, a
further increase of flexural stiffness has no effect.

For values of p’ > 0 the actual value of the rotational stiffness of
the stiffeners (17 and, implicitly, GJ) increases with - due to the
definition of the stiffness ratio given in Eq. (16). This means that,
when local buckling is in effect, the value of the buckling load can
still increase with increasing p until the fully clamped condition is
reached, after which a further increase of GJ of the stiffeners has no
effect. (In reality, this condition is reached asymptotically as
GJ — 00.) Eventually, all the lines for o' > 0 converge to the same
value of K, (for a particular combination of ¥ and 6 that is),
representing local buckling of the individual skin bays with clamped
conditions at the stiffener locations. This is reflected by the “upper”
horizontal lines that are visible in Fig. 3 for some combinations of v
and 6, clearly picturing a bound for local buckling loads between the
(almost) simply supported and fully clamped edge conditions at the
stiffener locations.

The influence of the orthotropy parameters v and 6 on the shear
buckling behavior follows directly from Fig. 3. An increase of the 6
parameter causes a substantial increase of the buckling load for all
values of . If ¢ < 1, an increase of v (associated with a decrease in
the number of buckling waves) causes the buckling load to decrease,
whereas for { > 1 the reverse effect occurs. This is a direct result of 1
being a measure for the effective length of the local bay plates and is
analogous to the phenomenon that for an isotropic plate the shear
buckling load increases with the length and converges to the value for
an infinitely long plate. The prominence of the effective length of the
individual skin bays is additionally reflected by the fact that for the
higher values of the 1 parameter and the flexural stiffness parameter
the difference in buckling loads between simply supported and
clamped edges of the panel vanishes.

IV. Verification for Glare Panels

To assess the applicability of the presently discussed analysis
procedure to the design of Glare shear panels, a number of more
detailed FEM buckling analyses will be performed, again with the



2186

Shear buckling coefficient, X ;

a)

Shear buckling coefficient, X ;

d

Shear buckling coefficient, K ¢

g

200
y=0.5
T 20
180 | 528
P 037
’ 0.05
7 0
160 6=2
14
-
1
3
140 20
} I 528
—— o —— ¢
g======= v
¢ X
120
» T 20 6=1
r , 528
4 P 037
| 0.05
100 0
0=0.5
long edges simply supported
80
0 5 10 15 20
Flexural stiffness parameter, (W' F)x/z
220
y=0.75 T 20
s o e e e —— , 5.28
200 ,;;:—"' } P 037
R e iy B | 0.05
7 0
6=2
180
/ o
16045 ——— , 5.28
”:”::___ }P 0.37
fom— " l 0.05
0
140 ’ T 20 g=1
I } o 528
037
! | 0.05
120 0
0=05
100
long edges clamped
80
0 5 10 15 20
Flexural stiffness parameter, (' F)uz
T 20
, 528
P 037
| 0.05
0
6=1
long edges simply supported
0
0 5 10 15 20

Flexural stiffness parameter, (u'» )U2

Shear buckling coefficient, K

Shear buckling coefficient, K ;

e)

Shear buckling coefficient, K ;

h)

Shear buckling coefficient, K ;

)}

280

260

240

220

200

180

160

140

180

160

140

120

WITTENBERG, HOL, AND VAN BATEN

T 20
1 L 528
P 037

Shear buckling coefficient, X ;

0=0.5
long edges clamped

5 10 15 20

12

)

Flexural stiffness parameter, (W)

y=1
g I = T 20
- | 5.28
'/ P 037
",: | 0.05
(e ——— = 0
& 0=2

~
B
LA -84
S w
&<

6=1

Shear buckling coefficient, K ;

long edges simply supported

5 10 15

Flexural stiffness parameter, (' F)m

long edges clamped

0 5

10 15 20

Flexural stiffness parameter, (W' p)m

long edges clamped

0 5

10 15 20

Flexural stiffness parameter, (W' » )“2

180
160 20
T, 528
P 037
| 0.05
140 0
0=2
120 T 2
- - —— | 5.28
' ’,— P 037
————— e —— 0.05
100de f57 | 0
T 20
' 528 O=1
' P 037
80 0.05
/ | ¢
=05
60
long edges simply supported
40
0 5 10 15 20
Flexural stiffness parameter, (u‘F)m
200
‘P=1. p———— e =y 20
o= - I, 5.28
180 o 0.37
I,’ K4 [ | 0.05
Il 0
?' 0=2
160
’ e p— t
P | 528
140 ’,;I' - P 037
h ——————— T | 3405
20
120 " o 528 0=1
0.37
b | 0.05
100 ! .
I 6=05
80
long edges clamped
60
0 5 10 15 20
Flexural stiffness parameter, (W' F)m
700
y=35
600
/.?—.-._—, == awa 6=2
" / - T 20
N 500 | 5.28
< P 037
- ‘ 0.05
= 0
& 400
8
8
o 20
£ T, 528
= 300 P 037
E —_———— 0.05
: |5
4 0=05
5 200
100

long edges simply supported

0 5 10 15

Flexural stiffness parameter, (W' » )l/2

Fig. 3 Shear buckling coefficients for various values of nondimensional parameters for the long edges either simply supported or clamped.
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Table 3 Configurations of Glare shear panels, with corresponding values of nondimensional design
parameters, which are used to verify the design curves. The buckling loads are plotted in Fig. S

Panel no. 1 2 3 4 5 6 7 8
Glare 3 conf. 5/4-0.4 3/2-0.3 5/4-0.4 3/2-0.3 5/4-0.4 3/2-0.3 5/4-0.4 3/2-0.3
Cross section Open Open Open Open Closed Closed Closed Closed
Attachment Riveted Riveted Bonded Bonded Riveted Riveted Bonded Bonded
t, mm 3.016 1.408 3.016 1.408 3.016 1.408 3.016 1.408
¥ 4.96 4.93 4.96 493 4.96 493 4.96 493
0 0.91 0.94 0.91 0.94 0.91 0.94 0.91 0.94
()2 2.90 5.48 2.90 5.48 2.83 5.40 2.83 5.40
el 0.14 0.15 0.14 0.15 9.24 10.21 9.24 10.21
K 227.8 400.8 202.7 383.9 318.5 431.2 327.7 429.0
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STAGS code. The increased detail lies in the fact that the exact shape
of the stiffeners is modeled this time (with 410-type shell elements).
In this way, a number of realistic phenomena, such as the local
deformation of the individual stiffener segments, the distortion of the
stiffener cross section, eccentricity effects, and interaction between
the stiffener and skin deformations can be accounted for. Also, the
effect of the stiffener-skin connection (riveted or bonded) can be
studied by using these more detailed models.

Glare is built up from alternate aluminum and glass fiber
preimpregnated layers. The most common type of aluminum applied
in Glare is 2024-T3 alloy. Each glass prepreg layer is composed of a
certain number of unidirectional (UD) plies, which are stacked either
unidirectionally or, most commonly, in a cross-ply arrangement. The
number, orientations, and stacking sequence of the UD plies in the
prepreg layers depend on the Glare grade. For example, a Glare 3 has
two UD plies in a cross-ply arrangement (0/90 deg) in each glass
layer, while in Glare 4 the prepreg layers consists of three UD plies
stacked at0/90/0 deg. Note that the outer layers in Glare are always
aluminum, so that the number of glass fiber layers is always one less.
A general Glare configuration is represented as

Glare grade — N, /Ny —ty

where

grade = a number indicating the Glare grade (currently 1, 2, 3, 4,
and 5);

N, = number of aluminum layers;

Ny = number of glass fiber layers, Ny = Ny — 1;

ty = thickness of the aluminum layers.

For example, Fig. 4 shows a typical Glare 3-3/2 laminate. It
should be noted that the standard Glare types were derived for
applications in fuselage structures, and therefore the fibers are
aligned with the stringers and frames. (For a full, in-depth description
of the Glare material and its applications to airframe structural design
the reader is referred to [16].)

In the present investigation two types of stiffeners are considered:
the first one has an open cross section (Z shaped), the second type a
closed cross section (rectangular tube). The intention here is to

aluminium

Fig. 4 A typical Glare 3-3/2 layup.

analyze a low and a high value of u/, for both stiffener shapes (to
capture different buckling modes), using both riveted and bonded
connections, for a panel geometry with a/b = 5 (which is selected
rather arbitrarily, butis yet representative for a “large aircraft” type of
fuselage structures) and a total number of 10 stiffeners (simulating
infinite width). The different values of 1}, are obtained by varying the
stiffener properties (such as the thickness, the width of the flanges,
and the height), the stiffener pitch, and the skin thickness. The latter is
actually done by using two different Glare types, being Glare
3-5/4-0.4 ( = 3.016 mm) and Glare 3-3/2-0.3 ( = 1.408 mm). A
Glare 3 panel has an equal amount of glass fibers in the directions
parallel and perpendicular to the stiffeners and satisfies the
conditions of special orthotropy. The skin-stiffener connection in the
FEM model is established through rigid links; for the riveted panels,
these links are created along the center line of the stiffener flange and
the corresponding nodes of the underlying skin; for the bonded
connection, all overlapping nodes of the stiffener lower flange and
the skin are rigidly linked together. The panel configurations with
corresponding values of the design parameters v, 6, (4}, and o/, and
the calculated nondimensional buckling loads of the panels analyzed
are presented in Table 3. The results of the detailed FEM analyses are
also plotted in Fig. 5 together with design curves obtained from the
calculation procedure discussed in Sec. IL.B.

In the determination of the stiffener flexural rigidity £/, the second
moment / was calculated for the combination of a single, central
stiffener and a piece of skin of width b with respect to their combined
neutral axis. For the riveted panels, the width of a skin bay was taken
as the distance between the rivet lines; for the bonded panels, this
quantity was taken as the stiffener pitch of the panel minus the width
of the stiffener flange attached to the skin. This means that in the
calculation of the nondimensional panel parameters and the shear
buckling coefficient from Egs. (11-15), a value of b— width of
stiffener flange was used rather than b itself. This implies that, to
obtain the same values of the panel parameters for the riveted and
corresponding bonded panels, the stiffener pitch in the FEM models
was increased for the bonded panels by the width of the stiffener
flange. For example, the stiffener spacing of panel 1 is 100 mm and
the width of the stringer flange attached to the skin is 20 mm; the
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Fig. 5 Comparison of detailed FEM results for stiffened Glare panels

with the calculation procedure discussed in Sec. ILB. (Numbers

correspond to panel configurations in Table 3.)
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c) X 5 o

d) 5

Fig. 6 Buckling modes of detailed FEM models for panels a) 1; b) 3; ¢) 5; and d) 7 as defined in Table 3.

stiffener pitch of the corresponding bonded panel 3, consequently,
then is equal to 120 mm.

Examination of Fig. 5 reveals that the design curves predict
slightly unconservative results for panels 3, 5, and 7, but slightly
overestimate the buckling loads for all the other panels investigated.
This conservatism is seen to be highest for panels 2 and 4. The trend
seems to be that the design curves are unconservative for lower
values of the flexural stiffness parameter (overall buckling), but are
conservative for higher ones (local buckling). The source of the
unconservatism for the lower flexural stiffnesses may be sought in
interaction effects between the stiffeners and the skin, such as was
caused by (local) distortion of the cross sections/rolling of the
stiffeners, and/or the eccentric position of the stiffeners with respect
to the skin, which are not accounted for in the calculation of the
design curves in Fig. 5. Overall it can be stated that the design curves
agree reasonably well with the FEM results so that they may be
conveniently used for design purposes.

Buckling modes of the panels in Table 3 with a low value of the
flexural stiffness parameter are shown in Fig. 6. The open-section
stiffeners (panels 1 and 3) show the tendency to distort/roll
(interaction effect), whereas the closed-section stiffeners (panels 5
and 7) remain undistorted in the buckling process. The overall-type
of buckling mode associated with the relatively low flexural stiffness
of the stiffeners is clearly reflected by the “isolines” extending
through the lines of stiffener locations.

V. Conclusion

In the present paper the shear buckling behavior of flat, semi-
infinite stiffened panels with a specially orthotropic skin plate was
investigated. A total of four generic nondimensional panel
parameters pertaining to the skin orthotropy and stiffener flexural
and torsional rigidities were derived that, together with the boundary
conditions at the long edges, fully describe the shear buckling
behavior. A variety of design curves, relating the nondimensional
shear buckling load to the four panel parameters, were calculated
using a FEM-based procedure, in which beam elements were utilized
to represent the stiffeners, and the validity of this procedure was
demonstrated through comparison with an analytical solution. To
assess the accuracy of the design curves in a realistic situation, a
number of more detailed FEM analyses, in which the stiffener shape
and attachment method were explicitly accounted for, were made for
Glare panels with riveted or bonded, open or closed-section
stiffeners. The results show that the design charts are reasonably
accurate if the flexural rigidity of the stiffeners is calculated including
the contribution of the skin plate over a width equal to the stiffener
spacing, and with respect to their combined neutral axis.
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